For a small quantaloid Q, a Q-closure space is a small category enriched in Q equipped with a closure operator on its presheaf category. We investigate Q-closure spaces systematically with specific attention paid to their morphisms and, as preordered fuzzy sets are a special kind of quantaloid-enriched categories, in particular fuzzy closure spaces on fuzzy sets are introduced as an example. By constructing continuous relations that naturally generalize continuous maps, it is shown (in the generality of the Q-version) that the category of closure spaces and closed continuous relations is equivalent to the category of complete lattices and sup-preserving maps.
Introduction
A closure space consists of a (crisp) set X and a closure operator c on the powerset of X; that is, a monotone map c : 2 X −→ 2 X with respect to the inclusion order of subsets such that A ⊆ c(A) for all B ⊆ Y. It is not difficult to observe that the continuity of the map f is completely determined by its cograph
The main result of this paper is presented in Section 4, where we extend continuous Q-functors to continuous Qdistributors as morphisms of Q-closure spaces; that is, Q-distributors ζ : (X, which reduces to the equivalence (1.1) when Q = 2.
As an example of Q-closure spaces, the topic of Section 5 will be fuzzy closure spaces defined on fuzzy sets. Once a divisible unital quantale Q is chosen as the truth table for fuzzy sets, DQ-categories precisely describe preordered fuzzy sets [10, 22] , and fuzzy powersets of fuzzy sets are exactly DQ-categories of presheaves on discrete DQcategories [30] ; consequently, DQ-closure spaces with discrete underlying DQ-categories naturally characterize fuzzy closure spaces whose underlying sets are fuzzy sets. It should be noted that fuzzy closure spaces on crisp sets discussed in [5, 20] , i.e., crisp sets X equipped with closure operators on L X [2, 16, 29] for a lattice L, are different from what we introduce here: we are concerned with fuzzy sets (instead of crisp sets) equipped with closure operators on their fuzzy powersets. In fact, fuzzy topological spaces in most of the existing theories (see [4, 11, 12, 18, 40] for instance) are defined as crisp sets equipped with certain kinds of fuzzy topological structures, and the study of DQ-closure spaces presents the first step towards the study of fuzzy topologies on fuzzy sets, which are also expected to be given by fuzzy sets equipped with topological structures on their fuzzy powersets.
Quantaloid-enriched categories
As preparations for our discussion, we recall the basic concepts of quantaloid-enriched categories [7, 25, 26, 32, 33, 34] in this section and fix the notations.
Quantaloids and Q-categories
A quantaloid is a category enriched in the symmetric monoidal closed category Sup. Explicitly, a quantaloid Q is a (possibly large) category with ordered small hom-sets, such that
• each hom-set Q(p, q) (p, q ∈ ob Q) is a complete lattice, and
• the composition • of Q-arrows preserves componentwise joins, i.e., A homomorphism of quantaloids is full (resp. faithful, an equivalence of quantaloids) if the underlying functor is full (resp. faithful, an equivalence of underlying categories). From now on Q always denotes a small quantaloid with a set Q 0 := ob Q of objects and a set Q 1 of arrows. The top and bottom Q-arrow in Q(p, q) are respectively ⊤ p,q and ⊥ p,q , and the identity Q-arrow on q ∈ Q 0 is 1 q .
Given a ("base") set T , a set X equipped with a map |-| : X −→ T is called a T -typed set, where the value |x| ∈ T is the type of x ∈ X. A map f : X −→ Y between T -typed sets is type-preserving if |x| = | f x| for all x ∈ X. T -typed sets and type-preserving maps constitute the slice category Set ↓ T .
Given a small quantaloid Q and taking Q 0 as the set of types, a Q-relation (also Q-matrix) [7] ϕ : X / / • Y between Q 0 -typed sets is given by a family of Q-arrows ϕ(x, y) ∈ Q(|x|, |y|) (x ∈ X, y ∈ Y). With the pointwise local order inherited from Q ϕ ≤ ϕ ′ : X / / • Y ⇐⇒ ∀x, y ∈ X : ϕ(x, y) ≤ ϕ ′ (x, y), the category Q-Rel of Q 0 -typed sets and Q-relations constitute a (large) quantaloid in which Remark 2.1.1. Q-relations between Q 0 -typed sets may be thought of as multi-typed and multi-valued relations: a Q-relation ϕ :
, where ϕ p,q is the restriction of ϕ on X p , Y q which, respectively, consist of elements in X, Y with types p, q.
is given by a Q 0 -typed set X equipped with a reflexive and transitive Q-relation α : X / / • X; that is,
for all x, y, z ∈ X. For the simplicity of notations, we denote a Q-category by X and write X 0 := X, X(x, y) := α(x, y) for x, y ∈ X 0 when there is no confusion 1 . There is a natural underlying preorder on X 0 given by x ≤ y ⇐⇒ |x| = |y| = q and 1 q ≤ X(x, y), 1 We still denote a Q-category explicitly by a pair (X, α) when it is necessary to eliminate possible confusion, especially for specialization Q-categories defined in Subsection 3.3 and preordered fuzzy sets in Section 5.
and we write x y if x ≤ y and y ≤ x. A Q-category X is separated (or skeletal) if its underlying preorder is a partial order; that is, x y implies x = y for all x, y ∈ X 0 .
A Q-functor (resp. fully faithful Q-functor) f : X −→ Y between Q-categories is a type-preserving map f :
With the pointwise (pre)order of Q-functors given by
Q-categories and Q-functors constitute a 2-category Q-Cat. Bijective fully faithful Q-functors are exactly isomorphisms in Q-Cat.
A pair of Q-functors f :
for all x ∈ X 0 , y ∈ Y 0 ; or equivalently, 1 X ≤ g f and f g ≤ 1 Y , where 1 X and 1 Y respectively denote the identity Q-functors on X and Y. Example 2.1.2. (1) For each Q 0 -typed set X, (X, id X ) is a discrete Q-category. In this paper, a Q 0 -typed set X is always assumed to be a discrete Q-category.
(2) For each q ∈ Q 0 , {q} is a discrete Q-category with only one object q, in which |q| = q and {q}(q, q) = 1 q .
Presheaves on Q-categories and completeness
for all x, x ′ ∈ X 0 , y, y ′ ∈ Y 0 . Q-categories and Q-distributors constitute a (large) quantaloid Q-Dist in which compositions and implications are calculated as in Q-Rel; the identity Q-distributor on each Q-category X is given by the hom-arrows X : X / / • X. It is obvious that Q-Rel is a full subquantaloid of Q-Dist. Each Q-functor f : X −→ Y induces a pair of Q-distributors given by
called respectively the graph and cograph of f , which form an adjunction
are both 2-functors, where "co" refers to reversing order in hom-sets.
A presheaf with type q on a Q-category X is a Q-distributor µ : X / / • {q} (see Example 2.1.2(2) for the definition of {q}). Presheaves on X constitute a Q-category PX with
for all µ, µ ′ ∈ PX. Dually, the Q-category P † X of copresheaves on X consists of Q-distributors λ : {q} / / • X as objects with type q (q ∈ Q 0 ) and
for all λ, λ ′ ∈ P † X. It is easy to see that P † X (PX op ) op , where "op" means the dual of Q-categories as explained in the following remark: Remark 2.2.1. Dual notions arise everywhere in the theory of Q-categories. To make this clear, it is best to first explain the dual of a Q-category. In general, the dual of a Q-relation ϕ : X / / • Y, written as
is not a Q-relation, but rather a Q op -relation. Correspondingly, the dual of a Q-category X is a Q op -category 2 , given by X op 0 = X 0 and X op (x, y) = X(y, x) for all x, y ∈ X 0 ; a Q-functor f :
with the same mapping on objects but g op ≤ f op whenever f ≤ g : X −→ Y. Briefly, there is a 2-isomorphism
Example 2.2.2. Given q ∈ Q 0 , a presheaf on the one-object Q-category {q} (see Example 2.1.2(2)) is exactly a Q-arrow u : q −→ |u| for some |u| ∈ Q 0 , thus P{q} consists of all Q-arrows with domain q as objects and
Dually, P † {q} is the Q-category of all Q-arrows with codomain q and
and a dual Kan adjunction [26] ϕ † ⊣ ϕ † given by 
One may form several compositions out of the 2-functors in Proposition 2.2.3:
for all λ ∈ PY, λ ′ ∈ P † Y by routine calculation. As special cases of (dual) Kan adjunctions one immediately has
for all λ ∈ PY, λ ′ ∈ P † Y and x ∈ X 0 . The following propositions are useful in the sequel and the readers may easily check their validity: Proposition 2.2.4. [26] For each Q-functor f : X −→ Y, the following statements are equivalent:
respectively 2-natural transformations from the identity 2-functor on Q-Cat to (−)
→ and (−) → ; that is, the diagrams
A Q-category X is complete if each µ ∈ PX has a supremum sup µ ∈ X 0 of type |µ| such that
or equivalently, the Yoneda embedding y :
It is well known that X is a complete Q-category if and only if X op is a complete Q op -category [32] , where the completeness of X op may be translated as each λ ∈ P † X admitting an infimum inf λ ∈ X 0 of type |λ| such that
or equivalently, the co-Yoneda embedding
Lemma 2.2.6 (Yoneda). [32] Let X be a Q-category and µ ∈ PX, λ ∈ P † X. Then
In particular, both y and y † are fully faithful Q-functors.
In a Q-category X, the tensor of a Q-arrow u : |x| −→ q and x ∈ X 0 , denoted by u ⊗ x, is an object in X 0 of type
X is tensored if u ⊗ x exists for all x ∈ X 0 and Q-arrows u ∈ P{|x|}. Dually, X is cotensored if X op is a tensored Q op -category. Explicitly, the cotensor of a Q-arrow v : q −→ |x| and x ∈ X 0 is an object v x ∈ X 0 of type q satisfying
A Q-category X is order-complete if each X q , the Q-subcategory of X with all the objects of type q ∈ Q 0 , admits all joins (or equivalently, all meets) in the underlying preorder. 
for all µ ∈ PX and λ ∈ P † X, where and respectively denote the underlying joins and meets in X; conversely,
for all x ∈ X 0 and Q-arrows u ∈ P{|x|}, v ∈ P † {|x|}, and
, where the and on the left hand sides respectively denote the underlying joins and meets in X, and the on the right hand sides respectively denote the joins in Q-Dist(X, {q}) and Q-Dist({q}, X).
Remark 2.2.8.
A complete Q-category X has at least one object of type q for every q ∈ Q 0 , i.e., the bottom element in the underlying preorder of X q as the empty join, since X is necessarily order-complete by Theorem 2.2.7.
Example 2.2.9. [33] For each Q-category X, PX and P † X are both separated, tensored, cotensored and complete Q-categories. It is easy to check that tensors and cotensors in PX are given by
for all µ ∈ PX and Q-arrows u ∈ P{|µ|}, v ∈ P † {|µ|}, and consequently
for all Φ ∈ P(PX) and Ψ ∈ P † (PX), where we have applied the Yoneda lemma (Lemma 2.2.6) to get µ = (y X ) ♮ (−, µ). 
for all x ∈ X 0 and Q-arrows u ∈ P{|x|} (resp. v ∈ P † {|x|}), and 
Therefore, left adjoint Q-functors between complete Q-categories are exactly sup-preserving Q-functors. Separated complete Q-categories and sup-preserving Q-functors constitute a 2-subcategory of Q-Cat and we denote it by Q-Sup. In fact, it is not difficult to verify that Q-Sup is a (large) quantaloid with the local order inherited from Q-Cat.
Q-closure operators and Q-closure systems
A Q-functor c : X −→ X is a Q-closure operator on X if 1 X ≤ c and cc ≤ c, where the second condition actually becomes cc c since the reverse inequality already holds by the first condition. The most prominent example is that each pair f ⊣ g : Y −→ X of adjoint Q-functors induces a Q-closure operator g f : X −→ X.
A Q-subcategory A of X is a Q-closure system if the inclusion Q-functor j : A / / X has a left adjoint in Q-Cat. The dual notions are Q-interior operators and Q-interior systems, which correspond bijectively to Q op -closure operators and Q op -closure systems under the isomorphism (2.2) in Remark 2.2.1.
Remark 2.3.1. In the language of category theory, Q-closure operators are exactly Q-monads (note that the "Qnatural transformation" between Q-functors is simply given by the local order in Q-Cat), and Q-closure systems are precisely reflective Q-subcategories.
The following characterizations of Q-closure operators and Q-closure systems can be deduced from the similar results in [26, 28] . Their direct proofs are also straightforward and will be left to the readers: 
In particular, A is a Q-closure system of X.
Proposition 2.3.3.
Let A be a Q-subcategory of a separated complete Q-category X and j : A / / X the inclusion Q-functor. The following statements are equivalent:
(iii) A is closed with respect to infima in X in the sense that inf X j → λ ∈ A 0 for all λ ∈ P † A.
(iv) A is closed with respect to cotensors and underlying meets in X. 
for all x ∈ A 0 and Q-arrows u ∈ P{|x|}, v ∈ P † {|x|}, and
for all {x i } i∈I ⊆ A 0 , where we write , respectively for the underlying joins, meets in A, and , for those in X.
The readers may easily write down the dual results of the above conclusions for Q-interior operators and Q-interior systems, which we skip here.
Q-closure spaces and continuous Q-functors
We introduce Q-closure spaces in this section and investigate the category of Q-closure spaces and continuous Q-functors as a natural extension of the well-known category Cls of closure spaces and continuous maps.
The category of Q-closure spaces and continuous Q-functors
A Q-closure space [28] is a pair (X, c) that consists of a Q-category X and a Q-closure operator c :
Q-closure spaces and continuous Q-functors constitute a 2-category Q-CatCls with the local order inherited from Q-Cat.
In a Q-closure space (X, c), since PX is separated, c is idempotent and the corresponding Q-closure system
consists of fixed points of c, which is a complete Q-category since so is PX. A presheaf µ ∈ PX is closed if µ ∈ C(X, c). It follows from Propositions 2.3.2, 2.3.3 that Q-closure operators on PX correspond bijectively to Qclosure systems of PX, thus a Q-closure space on X is completely determined by the Q-closure system of closed presheaves.
The following proposition shows that continuous Q-functors may be characterized as the inverse images of closed presheaves staying closed, and we will prove its generalized version in the next section (see Proposition 4.2.1):
The following statements are equivalent:
Q-CatCls is a well-behaved category, which not only has all small colimits and small limits, but also possesses "all possible" large colimits and large limits that a locally small category can have; in fact, Q-CatCls is totally cocomplete and totally complete (will be explained below). To see this, we first establish its topologicity [1] over Q-Cat.
Recall that given a faithful functor U : E −→ B, a U-structured source from S ∈ ob B is given by a (possibly large) family of objects Y i ∈ ob E and B-morphisms f i : S −→ UY i (i ∈ I). A lifting of ( f i : S −→ UY i ) i∈I is an E-object X together with a family of E-morphismsf i : X −→ Y i such that UX = S and Uf i = f i for all i ∈ I, and the lifting is U-initial if any B-morphism g : UZ −→ S lifts to an E-morphismǧ : Z −→ X as soon as every B-morphism
It is well known that U : E −→ B is topological if, and only if, U op : Proof. U is obviously faithful. Given a (possibly large) family of Q-closure spaces (Y i , d i ) and Q-functors f i : X −→ Y i (i ∈ I), we must find a Q-closure space (X, c) such that
s s s s s s s s s s s s s s s
is a continuous Q-functor, and
To this end, one simply defines c = i∈I
e., the meet of the composite Q-functors
Then c is the U-initial structure on X with respect to the U-structured source (
In particular, U and U op both being topological implies that U has a fully faithful left adjoint Q-Cat −→ Q-CatCls which provides a Q-category X with the discrete Q-closure space (X, 1 PX ) (i.e., every µ ∈ PX is closed), and a fully faithful right adjoint Q-Cat −→ Q-CatCls which endows X with the indiscrete Q-closure space (X, ⊤ PX ), where
for all µ ∈ PX and x ∈ X 0 .
A locally small category C is totally cocomplete [3] if each diagram D : J −→ C (here J is possibly large) has a colimit in C whenever the colimit of C(X, D−) exists in Set for all X ∈ ob C. C is totally cocomplete if and only if C is total [31] ; that is, the Yoneda embedding C −→ Set C op has a left adjoint. C is totally complete (or equivalently,
op is totally cocomplete. Moreover, it is already known in category theory that
is a topological functor and B is totally cocomplete, then so is E (see [13, Theorem 6 .13]);
• Q-Cat is a totally cocomplete and totally complete category (see [27, Theorem 2.7] ).
Thus we conclude:
Corollary 3.1.3. Q-CatCls is totally cocomplete and totally complete and, in particular, cocomplete and complete.
Q-closure spaces with discrete underlying Q-categories
By restricting the objects of Q-CatCls to those Q-closure spaces with discrete underlying Q-categories (i.e., Q 0 -typed sets), we obtain a full subcategory of Q-CatCls and denote it by Q-Cls, whose morphisms are continuous type-preserving maps, or continuous maps for short 3 . There is a natural functor (−) 0 : Q-CatCls −→ Q-Cls that sends a Q-closure space (X, c) to (X 0 , c 0 ) with
To see the functoriality of (−) 0 , first note that the Q-closure spaces (X, c), (X 0 , c 0 ) have exactly the same closed presheaves:
and thus µ • X = µ since the reverse inequality is trivial. Therefore, µ is a Q-distributor X / / • {|µ|} (see Equation (2.1) for the definition), i.e., µ ∈ PX.
Consequently, the functoriality of (−) 0 : Q-CatCls −→ Q-Cls follows from the above observation and Proposition 3.1.1(iv), i.e., the continuity of a Q-functor f : (X, c) −→ (Y, d) implies the continuity of its underlying typepreserving map f :
Remark 3.2.2. Although (X, c) and (X 0 , c 0 ) have the same closed presheaves, in general they are not isomorphic objects in the category Q-CatCls if X is non-discrete.
Proposition 3.2.3. Q-Cls is a coreflective subcategory of Q-CatCls.
Proof. For all (X, c) ∈ ob(Q-Cls) and (Y, d) ∈ ob(Q-CatCls), by Propositions 3.1.1(iv) and 3.2.1 one soon has
Hence, (−) 0 is right adjoint to the inclusion functor Q-Cls / / Q-CatCls.
Since Set ↓ Q 0 is a totally cocomplete and totally complete category 4 , by replacing every Q-category in the proof of Proposition 3.1.2 with discrete ones and repeating the reasoning for Corollary 3.1.3, one immediately deduces that Q-Cls is also a well-behaved category as Q-CatCls: Proposition 3.2.4. The forgetful functor Q-Cls −→ Set ↓ Q 0 is topological. Therefore, Q-Cls is totally cocomplete and totally complete and, in particular, cocomplete and complete.
Specialization Q-categories and Q-Alexandrov spaces
For all Q-categories X, Y, the adjunction (−)
and correspondingly, the transpose of each Q-functor f : Y −→ PX is given by
Now let X be a Q 0 -typed set and (X, c) a Q-closure space, the Q-closure operator c : PX −→ PX has a transpose
Proof. This is easy since
The Q-relation c ց c on X defines a Q-category (X, c ց c), which is functorial from Q-Cls to Q-Cat:
as desired.
We call (X, c ց c) the specialization Q-category 5 of a Q-closure space (X, c). The intuition of this term is from the specialization (pre)order: Example 3.3.3. For a closure space (X, c) with X a crisp set and c a closure operator on 2 X , the specialization (pre)order on X is given by
Now consider c as a relation c :
, the implication c ց c in the quantaloid Rel (as a special case of the implication in Q-Rel) is exactly
Since it is easy to check (x, y) ∈ c ց c ⇐⇒ x ∈ c{y}, it follows that when Q = 2, our definition of specialization 2-categories coincides with the notion of specialization order on the set of points of a closure space.
Conversely, let X be any Q-category. The Q-relation
on X 0 generates a Q-functor X * : PX 0 −→ PX 0 , which gives rise to a Q-closure space (X 0 , X * ). Intuitively, X * turns any µ ∈ PX 0 into a presheaf µ • X on X; that is, C(X 0 , X * ) = PX. 
Proof. The necessity is easy. For the sufficiency, note that for all
indicating that f : X −→ Y is a Q-functor. 5 The author is indebted to Professor Dexue Zhang for enlightening suggestions on the definition of specialization Q-categories. Proof. For each Q-category X, one asserts that X = (X 0 , X * ց X * ) = SDX since
for all x, y ∈ X 0 , where the last equality follows from Lemma 3.3.1. Conversely, for a Q-closure space (X, c), by definition one has DS(X, c) = (X, ( c ց c) * ). Note that for all µ ∈ PX, Proof. The sufficiency follows immediately from Example 3.3.7. For the necessity, since it is already known in the proof of Theorem 3.3.5 that ( c ց c) * ≤ c, we only need to prove c ≤ ( c ց c) * . Indeed, for all µ ∈ PX, Proposition 3.3.6 guarantees that
and consequently cµ ≤ c( c ց c)
Remark 3.3.9. For a general Q-closure space (X, c), its specialization Q-category may be defined as
since Proposition 3.2.1 and Lemma 3.3.1 imply
for all x, y ∈ X 0 . Here c ց c is a coarser Q-category on X 0 in the sense that X ≤ c ց c always holds. Note that the above definition only relies on the Q-distributor c : X / / • PX. In fact, one may define a specialization Q-category (X 0 , ϕ ց ϕ)
for any given Q-distributor ϕ : X / / • Y, which is obviously a coarser Q-category than X on the Q 0 -typed set X 0 . In this way the realm of the specialization order would be largely extended and deservers further investigation in the future.
Q-closure spaces and complete Q-categories
In this subsection, we incorporate and enhance some results in [28] to demonstrate the relation between the categories Q-CatCls and Q-Sup.
First, we establish the 2-functoriality of the assignment (X, c) → C(X, c).
and it is in fact right adjoint to the composite Q-functor (recall that d is the codomain restriction of the Q-closure
as the following proposition reveals, which will be proved as a special case of Proposition 4.2.2 in the next section:
Consequently, one may easily deduce that the assignments (X, c) → C(X, c) and f → f ⊲ induce a 2-functor
Conversely, for a complete Q-category X, since sup X ⊣ y X ,
is a Q-closure operator on PX and thus one has a Q-closure space (X, c X ). Proof. First note that if X, Y are both complete, then
where the first inequality holds since sup X ⊣ y X , and the second equality follows from Proposition 2.2.5. Together
Thus, f : X −→ Y is sup-preserving if and only if f sup X ≤ sup Y f → since the reverse inequality (3.4) always holds. Note further that
and hence, the conclusion follows.
Proposition 3.4.2 gives rise to a fully faithful 2-functor
that embeds Q-Sup in Q-CatCls as a full 2-subcategory. In fact, this embedding is reflective with C the reflector: Although a proof of this theorem can be found in [28] , here we provide an easier alternative proof:
Proof of Theorem 3.4.3. Note that for any separated complete Q-category X,
Thus sup X : C(X, c X ) −→ X is clearly an isomorphism (and in particular a left adjoint) in Q-Cat, with the codomain restriction y X : X −→ C(X, c X ) of the Yoneda embedding as its inverse. Moreover, {sup X : CIX −→ X} X∈ob(Q-Sup) is a 2-natural transformation as one easily derives from Proposition 2.2.11. Therefore, CI is naturally isomorphic to the identity 2-functor on Q-Sup, and it remains to show that {sup X } X∈ob(Q-Sup) is the counit of the adjunction C ⊣ I. 
For this, one defines g as the composite 
Note that f d : PY −→ X is a left adjoint Q-functor since both f and d are left adjoints (for d, see Proposition 2.3.2). Thus
where sup X y X = 1 X may be easily verified since X is separated, completing the proof. 
Finally, Theorem 3.3.5 and Corollary 3.4.4 imply that the functor
is left adjoint to the composite functor Q-Sup
The following proposition shows that P can be obtained by restricting the codomain of (−) → : Q-Cat −→ Q-Cat to Q-Sup, and SI 0 is the inclusion functor Q-Sup / / Q-Cat:
Proof. (1) is easy. For (2), it suffices to show that
where the second equality follows from Equation (3.3). Indeed, for all x, x ′ ∈ X 0 ,
the conclusion thus follows.
Remark 3.4.6. P : Q-Cat −→ Q-Sup is known as the free cocompletion functor [32] of Q-categories 6 , where P is "free" since it is left adjoint to the forgetful functor Q-Sup −→ Q-Cat (i.e., the inclusion functor). Proposition 3.4.5 in fact provides a factorization of P through Q-Cls.
Continuous Q-distributors
In this section, we generalize continuous Q-functors to continuous Q-distributors as morphisms of Q-closure spaces.
From continuous Q-functors to continuous Q-distributors
2), the continuity of a Q-functor f : (Y, d) −→ (X, c) between Q-closure spaces is completely characterized by the cograph
If f ♮ is replaced by an arbitrary Q-distributor ζ : X / / • Y, we have the following definition:
With the local order inherited from Q-Dist, Q-closure spaces and continuous Q-distributors constitute a (large) quantaloid Q-ClsDist, for it is easy to verify that compositions and joins of continuous Q-distributors are still continuous Q-distributors.
Since the topologicity of a faithful functor U : E −→ B is equivalent to the topologicity of U op : E op −→ B 
In this way we are able to prove:
Proof. U is obviously faithful. Given a (possibly large) family of Q-closure spaces (X i , c i ) and Q-distributors ζ i :
) is a continuous Q-distributor, and
To this end, one simply defines d = i∈I (ζ i ) * c i ζ * i , i.e., the meet of the composite Q-distributors
Then d is the U-final structure on Y with respect to the U-structured sink (ζ i : 
Proof. The 2-functoriality of (−)
as desired. 
Proof. It suffices to prove
and the conclusion follows.
Now we are ready to show that the assignment (X, c) → C(X, c) induces a full 2-functor
which obviously makes the diagram (4.3) commute:
Proposition 4.2.3.Ĉ : (Q-ClsDist) op −→ Q-Sup is a full 2-functor. Moreover,Ĉ is a quantaloid homomorphism.
Proof.
Step 1.Ĉ : (Q-ClsDist) op −→ Q-Sup is a functor. For this one must check that
On one hand, by Definition 4.1.1 one immediately has
is commutative. Indeed, it follows from Example 2.2.9 and Corollary 2.3.4 that tensors in C(X, c) are given by
for all µ ∈ C(X, c), u ∈ P{|µ|}. In addition, c : PX −→ C(X, c) and d : PY −→ C(Y, d) are both left adjoint Q-functors by Proposition 2.3.2, thus so is
For all λ ∈ PY, since the presheaf λ • ζ can be written as the pointwise join of the Q-distributors λ(y) • ( ζy) (y ∈ Y 0 ), one has
where and respectively denote the underlying joins in PX and C(X, c). Second, by applying the commutative diagram (4.5) one obtains Step 3.Ĉ : (Q-ClsDist) op −→ Q-Sup is a quantaloid homomorphism. To show thatĈ preserves joins of
where denotes the pointwise join in
, where the fourth equality follows from Proposition 2.2.10, completing the proof.
LetÎ be the composite 2-functor
Since CI is naturally isomorphic to the identity 2-functor on Q-Sup (see the first paragraph of the proof of Theorem 3.4.3), one soon has:
Proposition 4.2.4.ĈÎ is naturally isomorphic to the identity 2-functor on Q-Sup.
Proof. Just note thatĈÎ =Ĉ · (−) ♮ · I = CI.
Closed continuous Q-distributors
A nucleus [25] on a quantaloid Q is a lax functor j : Q −→ Q that is an identity on objects and a closure operator on each hom-set. In elementary words, a nucleus j consists of a family of monotone maps on each Q(p, q) (p, q ∈ Q 0 ) such that u ≤ ju, jju = ju and jv
Each nucleus j : Q −→ Q induces a quotient quantaloid Q j whose objects are the same as those of Q; arrows in Q j are the fixed points of j, i.e., u ∈ Q j (p, q) if ju = u for u ∈ Q(p, q). The identity arrow in Q j (q, q) is j(1 q ); local joins and compositions • j in Q j are respectively given by r) . In addition, j : Q −→ Q j is a full quantaloid homomorphism.
Remark 4.3.1. Q j may be viewed as the quotient of Q modulo the congruence ϑ j (i.e., a family of equivalence relations (ϑ j ) p,q on each hom-set Q(p, q) that is compatible with compositions and joins of Q-arrows) given by
In fact, ju is the largest Q-arrow in the equivalence class of each Q-arrow u, thus Q j contains exactly one representative (i.e., the largest one) from each equivalence class of the congruence ϑ j .
Recall that each Q-distributor ϕ : X / / • Y has a transpose ϕ : Y −→ PX (see Equation (3.1)), and one may verify the following lemma easily: 
for all λ ∈ PY, where and respectively denote the underlying joins in PX and C(X, c), and ⊗ denotes the tensor in C(X, c).
and hence, clζ :
) is a continuous Q-distributor which is obviously closed. Proof. First, it is easy to check that cl is monotone with respect to the local order of continuous Q-distributors and ζ ≤ clζ, cl · clζ = clζ.
Second, in order to prove
and the conclusion thus follows.
The nucleus cl gives rise to a quotient quantaloid of Q-ClsDist, i.e., (Q-ClsDist) cl .
We remind the readers that local joins and compositions in the quantaloid (Q-ClsDist) cl of Q-closure spaces and closed continuous Q-distributors are given by the formulas in (4.7), which are in general different from those in Q-ClsDist. The universal property of the quotient quantaloid (Q-ClsDist) cl along with the following Lemma 4.3.5 ensures thatĈ factors uniquely through the quotient homomorphism cl via a quantaloid homomorphismĈ cl : Proof. The necessity is easy, since from Lemma 4.3.3(1) one soon has
and thusĈ
For the sufficiency, if ζ ⊲ = η ⊲ , it follows immediately that
where Lemma 4.3.2 implies the second and the sixth equalities, and Proposition 4.2.1(ii) guarantees the third and the fifth equalities. Therefore clζ = clη.
LetÎ cl be the composite 2-functor showing thatÎ cl is also an equivalence of categories. Second,Î cl is a quantaloid homomorphism since it is fully faithful and clearly preserves the order of hom-sets, and consequently preserves joins of left-adjoint Q-functors. 
It is already known that Q-Sup is monadic over Set ↓ Q 0 (see [23, Theorem 3.8] ), thus Q-Sup is complete since so is Set ↓ Q 0 (see [8, Corollary II.3.3.2] ). Moreover, the 2-isomorphism (2.2) in Remark 2. As a full subquantaloid of (Q-ClsDist) cl , (Q-ClsRel) cl is also dually equivalent to Q-Sup: in the category (Q-ClsDist) cl , as desired.
In particular, for the case Q = 2, Sup is monadic over Set, and it is known in category theory that
• for a solid (=semi-topological [36] ) functor E −→ B, if B is totally cocomplete, then so is E [37];
• every monadic functor over Set is solid (see [36, Example 4.4 
]);
• Sup is a self-dual category, i.e., Sup Sup op .
Thus we conclude: 
Example: Fuzzy closure spaces on fuzzy sets
Based on the characterizations of fuzzy sets, fuzzy preorders and fuzzy powersets as quantaloid-enriched categories [10, 22, 30, 35] , in this section we introduce fuzzy closure spaces on fuzzy sets as an example of Q-closure spaces.
Preordered fuzzy sets valued in a divisible quantale
A quantaloid with only one object is a unital quantale [24] . With & denoting the multiplication in a quantale Q (i.e., the composition in the unique hom-set of the one-object quantaloid), one has the implications /, \ in Q (i.e., the left and right implications in the one-object quantaloid) determined by the adjoint property
A unital quantale (Q, &) is divisible [9] if it satisfies one of the equivalent conditions in the following proposition:
Proposition 5.1.1. [22, 35] (ii) ∀x, y ∈ Q, x ≤ y implies y&(y\x) = x = (x/y)&y. Being considered as a one-object quantaloid, Q-categories X = (X, α) are widely known as crisp sets X equipped with fuzzy preorder α : X × X −→ Q. In particular: [17] ; that is, sets X carrying distance functions a :
In order to characterize fuzzy preorder on fuzzy sets, the following quantaloid DQ is crucial: Proposition 5.1.4. [10, 22] For a divisible unital quantale Q, the following data define a quantaloid DQ:
• DQ(x, y) = {u ∈ Q : u ≤ x ∧ y} with inherited order from Q; 8 • the composition of DQ-arrows u ∈ DQ(x, y), v ∈ DQ(y, z) is given by
• the implications of DQ-arrows are given by
for all u ∈ DQ(x, y), v ∈ DQ(y, z), w ∈ DQ(x, z);
• the identity DQ-arrow on x is x itself. Example 5.1.5. (1) For the two-element Boolean algebra 2 = {0, 1}, D2(1, 1) contains two arrows: 0 and 1, and 0 is the only arrow in every other hom-set.
e., the upper set generated by x ∨ y. The composition of
A Q-typed set (or equivalently, a (DQ) 0 -typed set) is exactly a crisp set X equipped with a map m : X −→ Q; that is, a fuzzy set [39] . (X, m) is also called a Q-subset of X, where the value mx is the membership degree of x in (X, m). Fuzzy sets and membership-preserving maps constitute the slice category Set ↓ Q.
for all x ∈ X and y ∈ Y. With the value ϕ(x, y) interpreted as the degree of x and y being related, Equation (5.1) asserts that the degree of x and y being related cannot exceed the membership degree of x in X or that of y in Y.
A DQ-category X = (X, m, α) is exactly a fuzzy set (X, m) equipped with a fuzzy preorder α (or, preordered fuzzy set for short) [10, 22] . In elementary words, α : X × X −→ Q is a map satisfying
for all x, y, z ∈ X. Note that the first and the second conditions together lead to mx = α(x, x) for all x ∈ X, thus a preordered fuzzy set may be described by a pair (X, α), where X is a crisp set and α : X × X −→ Q is a map, such that
for all x, y, z ∈ X.
A DQ-functor f : (X, α) −→ (Y, β) is a monotone map between preordered fuzzy sets, which is a map f :
for all x, x ′ ∈ X. Preordered fuzzy sets and monotone maps constitute the category DQ-Cat.
Example 5.1.6. (1) A D2-category (X, α) is a "partially defined" preordered set; that is, a subset A ⊆ X consisting of all those elements x ∈ X with α(x, x) = 1 and a preorder on A.
, then DQ-categories are (generalized) partial metric spaces 9 [10, 22] ; that is, sets X carrying distance functions a :
It is obvious that every Q-category (X, α) is a global DQ-category in the sense that α(x, x) = 1 for all x ∈ X; in fact, Q-Cat is a coreflective subcategory of DQ-Cat. So, crisp sets equipped with fuzzy preorder are a special case of preordered fuzzy sets; for example, partial metric spaces (X, a) in which a(x, x) = 0 for all x ∈ X are exactly metric spaces. for all x, y ∈ X; dually, such a pair (h, r) satisfying
for all x, y ∈ X is a copresheaf on (X, a).
A preordered fuzzy set (X, m, α) is complete if every potential lower fuzzy subset (X, l, q) ∈ P(X, α) has a supremum given by an element s ∈ X with membership degree ms = q, such that
for all x ∈ X. One may translate the above equation as: s is less than or equal to x if, and only if, each y in (X, l, q) is less than or equal to x; furthermore, ms = q indicates that the degree of (X, l, q) being a lower fuzzy subset of (X, m, α) is equal to the membership degree of its supremum, if exists, in (X, m).
Separated complete preordered fuzzy sets and sup-preserving maps constitute the quantaloid DQ-Sup.
Example 5.2.3.
(1) A global separated complete preordered fuzzy set, i.e., an object in Q-Sup, is also called a complete Q-lattice [29] . However, although Q-Cat is a coreflective subcategory of DQ-Cat and the coreflector sends each separated complete preordered fuzzy set to a complete Q-lattice, it should be cautious that no object of Q-Sup lies in DQ-Sup as long as Q has more than one elements; in fact, a complete preordered fuzzy set valued in a non-trivial quantale Q can never be global as Remark 2.2.8 indicates. for all x ∈ X. As we point out in (1), the coreflector from
op -Cat sends each complete partial metric space to a complete metric space, but a metric space can never be complete when it is considered as a global partial metric space.
Fuzzy closure spaces on fuzzy sets
By a fuzzy closure space on a fuzzy set we mean an object in the category DQ-Cls. Explicitly, a fuzzy closure space is a triple (X, m, c) , where (X, m) is a fuzzy set, c : P(X, m) −→ P(X, m) is a map such that for any potential fuzzy subsets (X, n, q), (X, n ′ , q ′ ) ∈ P(X, m),
• M(c(X, n, q)) = q, where (P(X, m), M) is the fuzzy powerset of (X, m),
• S (X,m) ((X, n, q), (X, n ′ , q ′ )) ≤ S (X,m) (c(X, n, q), c(X, n ′ , q ′ )),
• (X, n, q) ≤ c(X, n, q), and 10 The completeness of metric spaces discussed here is in the categorical sense which is stronger than the classical Cauchy completeness.
• cc(X, n, q) = c(X, n, q).
As we mentioned for general Q-closure spaces, a fuzzy closure space (X, m, c) may be equivalently described by the fixed points of c; or, one may call them potential closed fuzzy subsets of (X, m). To explain this term, first note that a potential fuzzy subset (X, n, q) of (X, m) is closed if c(X, n, q) = (X, n, q); next, putting the potential closed fuzzy subsets of (X, m) together, one again obtains a fuzzy set (C(X, m, c) , M), where M : C(X, m, c) −→ Q is the restriction of M : P(X, m) −→ Q on C (X, m, c) . Then elements in C(X, m, c) are potential closed fuzzy subsets in the sense that, each potential fuzzy subset (X, n, q) ∈ C(X, m, c) is closed, and M(X, n, q) = q gives the degree of (X, n, q) being a closed fuzzy subset of (X, m). That is to say:
A fuzzy closure space is determined by a fuzzy set (X, m) and a fuzzy set of closed fuzzy subsets of (X, m). The readers should carefully distinguish fuzzy closure spaces defined here from Q-closure spaces (also called "fuzzy closure spaces" by some authors) in the existing literature: a Q-closure space is given by a crisp set X and a crisp set of closed Q-subsets of X; the category of Q-closure spaces and continuous maps is Q-Cls, where Q is considered as a one-object quantaloid. As a comparison to Corollary 5.3.1, note that Q-Cls is topological over Set, since the underlying sets of Q-closure spaces are crisp. for all x, y ∈ X, which extends the notion of the specialization order of fuzzy topological spaces (on crisp sets) in [15] . In the case that Q is a commutative unital quantale, it is not difficult to see that Q-Sup is self-dual, and thus 
Conclusion
The following diagram summarizes the pivotal categories and functors treated in this paper: 
Besides the adjunctions and equivalences illustrated in the above diagram, we also conclude the total (co)completeness of Q-CatCls and Q-Cls through their topologicity respectively over Q-Cat and Set ↓ Q 0 , and the (co)completeness of (Q-ClsDist) cl and (Q-ClsRel) cl through their monadicity over Set ↓ Q 0 . However, although Q-ClsDist and Q-ClsRel are respectively topological over Q-Dist and Q-Rel, there is not much to say about the (co)completeness of Q-ClsDist and Q-ClsRel, since Q-Dist and Q-Rel have few (co)limits as already the case Q = 2 shows.
